+The Observatories, University of Cambridge .4bstract. A satisfactory picture of the three-dimensional intensity distribution near focus in the aberration-free diffraction image of a monochromatic point object was first given by Zernike and Nijboer in 1949 . No corresponding general picture of the phase relations between different parts of the image seems to have been worked out, although GOUY'S discovery in 1890 of the so-called phase at focus aroused an interest in this topic which, as a succession of publications shows, has not decreased in the intervening 66 years.
In the present paper a sharpened version of Lommel's classical analysis is applied to obtain a general picture of the phase distribution near focus and to examine in detail, in the special case of an F/3.5 pencil, its peculiarities near the geometrical focal point, the Airy dark rings and the axial nodes (points of zero intensity) of the diffraction image. The 'phase anomaly' near focus and the singular behaviour of the phase along the axis of the pencil become more readily intelligible when they are considered against the background of this general picture. 9 1. INTRODUCTION c E N T R A L problem in the theory of image formation in optical instruments is the determination of the three-dimensional light distribution which A represents the aberration-free image of a point source by an axially symmetric optical system. Analytical formulae for the intensity distribution in such an image were first given by von Lommel(1885) and almost simultaneously by Struve (1586) . The first satisfactory diagram of the intensity distribution \vas published by Zernike and Nijboer (1949) more than sixty years later,t and similar diagrams for images affected by selected amounts of spherical aberration have been worked out by them (1949) and by A. Marechal and his co-workers (1948) .
Less progress seems to have been made in the complementary part of the problem, namely the study of the phase distribution in the three-dimensional dicfraction image, even though modern developments in microwave optics have greatly enhanced its practical interest. Theoretical interest was never lacking ; as early as 1890 Gouy discovered the so-called phase anomaly near focus, and the has since been treated by many authors$, notably by Joubin (1892), FabrY(1893), Julius (1895), Zeeman (1897 Zeeman ( , 1900 Zeeman ( , 1901 , Sagnac (1903 Sagnac ( ,1904 , Debye (1909) , Reiche (1909 a, b) , Ignatowsky (1919 ), Fokker (1923 , 1924 , Picht (1930) , Rubinowicz (19x9, Breuninger (1938 , 1939 , Bouwkamp (1940) t An inaccurate diagram, widely reproduced in optical textbooks, was given by Berek
The isophotes in figure 2 were constructed from tables given by von Lo-el Toraldo di Francia (1942) . 
E. H . Linfoot and E. Wolf
All these investigations were concerned with the aberration-free image and their joint outcome was, broadly speaking, to confirm GOUY'S results, to determine the detailed behaviour of the phase distribution along particular rays through the geometrical focus, and to establish that the properties of the phase distribution along the axial ray are qualitatively different from those elsewhere. The last result seems to have been first established by Picht (1930) However, a satisfacton overall picture of the three-dimensional phase distribution, as distinct from thb phase distribution along isolated rays, did not emerge.
Such a picture seems nowadays hardly less essential to a proper understandin! of the diffraction image than that obtained by Zernike and Nijboer for the three. dimensional intensity distribution. In the present paper we go some "ay towards obtaining one by an application of Lommel's classical formulae which, for pencils of not too large numerical aperture, allow the calculation of the phases at points not too far from the geometrical focus. From the computed values of the phases at a sufficiently dense set of sample points, the phase distribution near the geometrical focus has been obtained by graphical methods.
I t turns out that in the geometrical pencil of rays near focus the co-phasal surfaces are very nearly plane ; the corresponding phenomenon for sound waves can be seen in schlieren photographs given by Pohl(l948). The singular behaviour of the phase along the axis becomes readily intelligible when its connection with the existence of points of zero intensity is made visible to the eye (see figures i and 6). The singular behaviour of the phase at those points of the geometrical focal plane which corresponds to the Airy dark rings becomes intelligible in the same way (figures 3 and 4). through which issues a train of converging spherical waves of wavelength T h e diameter AA' of this aperture is of length 2 a ; C is the pole of the surface S which momentarily fills it. its radius of curvature. a2/f2 = 1/49 in an Fl3.5 pencil, 0 is the centre of curvature of S, co=l
It is assumed throughout that a 2 e f Z ; for exam$ P (x,y, z) is an arbitrary point in the space near 0. We define the variables U, v by the equations U = ka2z/f2,
where k=2rr/h and r stands for 1/(x2+y2). In physical terms, u / 4~ is the ,,.here R' denotes the distance cp and Jo is the Bessel function of order zero.
Phase Distribution near Focus
The equation (2.2) is valid, broadly speaking, at points P for which the number of fringes of defocusing and of lateral displacement are both 0(1), that is to say do not exceed about 5 or 10. T o define its domain of validity more precisely, lye should need to specify the amount of inaccuracy which is regarded as tolerable and to examine the approximation errors in the same way as was done, for an F'15 pencil, in our paper on the intensity distribution already referred to.
The integral on the right of (2.2) can be evaluated in terms of the functions ment of P relative to 0. metrical cone of rays or in the geometrical shadow.
from waves of unit amplitude in S is given by the approximate formula 2ni
introduced by von Lommel for the purpose ; in fact1
. (2.4)
and (2.2) therefore gives 
...... respectively.+ From (2.12) and (2.6) it appears that +(U, e), unlike M(u, v ) , cannot be expressed in terms of the parameters U , v alone but has a structure which changes as the focal ratio varies. The multivalued function +(U, v) has a branch point at each zero of the intensity M2(a,v) and is continuous elsewhere. At the focal point U = v = 0 (which is not a branch point) one of its values is 7712. The form of the equiphase surfaces can be computed from (2.12) and (2.6). We first consider the region, very close to the geometrical focal plane, represented in figure 2 by the rectangle labelled ' Fig. 3 '. This region is a thin, disc-shaPd volume extending a little beyond the second Airy dark ring R,. Close to the geometrical focus 0, the equiphase surfaces are found to be substantially plan, except (see figure 3) at points whose distances from the optic axis are neaIl! equal to the radii OR,, OR,, ... of the successive Airy dark rings. Howeve,, in the annular regions where they are nearly plane the equiphase surfaces spaced closer together, by a factor 1 -a2/4f2, than would be those in a beam of light of the same frequency ; moreover (see figure 2 ) the intensity is fa: from uniform over each equiphase surface, being greatest on the optic axis.
T h e co-phasal surfaces which near 0 represent a phase-range -77/2 to + 3ii,1 are almost exactly plane until they begin to draw level with the first Airy dark R, ; at this distance from the optic axis ZZ' (see figure 3) they make a sudder swerve inward to unite at the points of zero inten'sity which constitute the firs: Airy dark ring. The co-phasal surfaces on either side of this set allmake asihla: inward swerve opposite R, which brings them closer to the focal plane by; distance (a little less than $A) which corresponds to a phase change of X . A: a distance from the axis equal to the radius of the second Airy dark ring R,, tii co-phasal surfaces corresponding to the phase-ranges -3n/2 to -n / 2 and j n :
to h-12 of total length 2. rr suddenly swerve inward to meet in R,, while the remaindo: again swerve towards the focal plane through a distance corresponding to a phari change T. This swerving of the equiphase surfaces where they face the Ai ! dark rings becomes gradually less and less sudden as their distance from thi focal plane increases.
From (2.12), in which w is a function of U, ZI alone, we see that as the foca: ratio varies the form of the equiphase surfaces undergoes a transformation whict, is more complicated than a simple scale distortion. T o display the phase distribu unit distance on the graph represents an actual distance h / 2~, the radius OR, of th first Airy dark ring is 3.83f/a units=0.61hj/a, and the distance OZ1 to the firsts".
node Z1 (not shown) is 4xf2/a2=606 units, nearly
The numerical scales refer to an F/3.5 pencil; in this Phase Distribution near Focus 829 tion in the neighbourhood of the origin we therefore introduce a fiducial plane aave,t of wavelength h( 1 -a 2 / 4 f ' ), whose phase 4 = 4v + &U -(f/a)2u agrees (see (2.12) and (3.8) below) with that of the actual wave along the part of the ,I-axis near the origin. Figure 4 shows the difference 4 -F= w +$U -+ Over the interior of a region which, for an F/3.5 pencil, is a sphere of radius 16h centred on the geometrical focus. As will be seen from figure 2, this sphere is about 3.5 times as wide, and one-sixth as long, as the central bright nucleus of the diffraction image, A change in the value of the focal ratiof/2a leaves the curves in figure 4 but changes the numerical scales along the two axes in accordance \\.ith equations (2.1).
-$ 3 . THE PHASE ANOMALY
Jn the approximation of geometrical optics, the aberration-free image of a point object is formed by a pencil of concurrent rays issuing from the exit pupil of an optical system. T h e orthogonal surfaces of this pencil, usually called the geometrical wave fronts, are spherical with the focal point 0 as common centre ofcurvature (see figure 1) . I n the region I, light is converging towards the focus 0 ; in the region I1 the rays have passed through 0 and are diverging again. In this simplified picture, the geometrical wave fronts are regarded as surfaces of constant phase, and the phase difference between any two wave fronts is taken as 2v/A times the optical distance between them, measured along the geometrical rays.
If the wave amplitude is taken as 1 over the suface of the geometrical wave front filling the exit pupil, the disturbance at the point P(x,y,z) in the image space is represented in the simplified geometrical picture by the complex displace- by (2.2) ; (3.4) then gives the well-known result I n the parts of the regions I and I1 which lie within 6h of the geometrical focus, each surface of phase q3 is substantially coincident with the ' best ' plane approxi. mation to the corresponding geometrical wave cap of phase $ -$a, namely tht plane which deviates from the geometrical wave cap by equal and opposite amounb at centre and edge. This has the consequence, already noted above, that consecutive surfaces of the same phase (mod 2a) in this region are spaced a distanct (1 -a2/4f2)X apart, in agreement with (2.12) and (3.9), instead of a distance apart. The resulting phase anomaly is shown, for the case of an F/3*5 pencil, in the top curve of figure 5 . Figure 5 illustrates the difference between the behaviour of the phase anomaly along the axial ray and along the non-axial rays of the pencil. Along each non-axial ray, the phase anomaly approaches T as the distance from the focus increases (Debye 1909) . The different behaviour, described by (3.9), of the phase anomaly along the axial ray is by no means surprising, since this ray passes through the axial nodes. I n figure 6 is shown the behaviour of the co-phasal surfaces near the first axial node.
. . . . . . (3.10) FIWre 6. CO-phasal surfaces in the neighbourhocd of the first axial node (point of zero intensity) Z1 in an F/3*5 pencil.
